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We report a comprehensive study of the complex AC conductance of amorphous superconducting
InOx thin films. We measure the explicit frequency dependency of the complex conductance and
the phase stiffness over a range from 0.21 to 15 GHz at temperatures down to 350 mK using a
novel broadband microwave Corbino spectrometer. The dynamic ac measurements are sensitive to
the temporal correlations of the superconducting order parameter in the fluctuation range above
Tc. Among other aspects, we explicitly demonstrate the critical slowing down of the characteristic
fluctuation rate on the approach to the superconducting state and show that its behavior is consistent
with vortex-like phase fluctuations and a phase-ordering scenario of the transition.
I. INTRODUCTION
The remarkable properties of superconductors and
superfluids arise from the macroscopic quantum-
mechanical coherence of their complex order parameter
(OP), Ψ = ∆eiφ. In conventional superconductors, fluc-
tuations of the OP amplitude and phase occur in temper-
ature regions only infinitesimally close to Tc. In contrast,
in disordered materials with reduced dimensionality, the
situation may be considerably different. Their low super-
fluid density gives a small phase stiffness and phase fluc-
tuations that may be particularly soft.1 In such systems,
phase plays the role of a dynamic variable and may result
in a situation where the transition results from a phase
disordering of the order parameter while its amplitude re-
mains finite. Effects such as zero resistivity are lost when
the phase is no longer ordered on all lengths. However,
phase correlations may remain over finite length and time
scales resulting in significant precursor effects above Tc.
In strictly two dimensions (2D), such a transition
has been proposed2,3 to be of the Kosterlitz-Thouless-
Berezinskii (KTB) variety, as in 4He films.4–7 In such a
transition, thermally excited free vortices are not possi-
ble below the transition temperature TKTB as the vortex-
antivortex binding energy increases logarithmically with
separation. However, above TKTB it becomes entropi-
cally favorable for vortices to unbind. Vortex pairs with
the largest separation unbind first and the phase stiffness
measured in the long-length and low-frequency limit suf-
fers a discontinuous drop. Vortex unbinding reduces the
global phase stiffness and renders the system increasingly
susceptible to further vortex proliferation. At tempera-
tures just above TKTB such systems can be described as
a two-component vortex plasma and may be realizations
of the 2D XY model.
Because free vortices are the topological defects of the
phase field, their spacing plays the role of a Ginzburg-
Landau correlation length ξ, which diverges as T →
TKTB. The role of free vortices as topological defects and
their finite energy cost give an exponentially activated
vortex density (nF ∝ 1/ξ2). Asymptotically close to the
transition, this results in an unusually stretched exponen-
tial dependence of ξ on temperature, ξ ∼ e
√
T ′/(T−TKTB),
which is in stark contrast to the power laws typically ex-
pected near continuous phase transitions.5 Similar depen-
dence is expected in the “critical slowing down” of the
phase correlation time 1/Ω, which in a vortex plasma,
is proportional to the time ξ2/D required to diffuse
the intervortex spacing (where D is the vortex diffusion
constant).3
Although the conventional wisdom is that a KTB-like
transition occurs in ultrathin superconducting films,2 the
issue is still in fact controversial. For instance, it has
been proposed that, unlike 4He films, superconducting
films are in a regime of low core energy (the high “fu-
gacity” limit), that causes the transition to acquire a
nonuniversal character or even be first order.7–9 There
has been a great deal of work looking for KTB physics
in the linear and nonlinear dc transport characteristics
of thin films superconductors.10–12 But it is not clear to
what extent these experiments are influenced by inho-
mogeneous broadening13 and if even KTB physics would
be detectable in such experiments.7 In contrast, finite-
frequency measurements can directly probe temporal cor-
relations and can be explicitly sensitive to phase fluctu-
ations right above Tc. Important information has been
gained from measurements at discrete frequencies,10,14–16
but only true spectroscopic measurements can give im-
portant information concerning critical slowing down.
In this paper, we present a comprehensive study of the
complex ac conductance of effectively 2D amorphous su-
perconducting InOx films. We make use of our recent
development of a broadband Corbino microwave spec-
trometer, which can measure the explicit frequency de-
pendence of the complex conductance of thin films over
a range from 0.21−15 GHz at temperatures down to 350
mK. These unique measurements allow true spectroscopy
in the microwave range at low temperatures. We explic-
itly measure the temporal correlations of the fluctuation
superconductivity and demonstrate the manner in which
their time scales diverge on the approach to the transi-
tion. The temperature dependence of the critical slowing
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2FIG. 1: (Color online) (a) and (b): frequency dependence of the real and imaginary conductances in the ranges ω/2pi = 0.21−27
GHz and T = 0.35 − 4 K. A color scale representing different temperatures is displayed in (a). The black curves are the
conductances at Tc. The features in (a) at about 22 GHz are residual features imperfectly removed during calibration. (c) and
(d): temperature dependence of the real and imaginary conductances in the frequency range ω/2pi = 0.660− 15 GHz. A color
scale representing different frequencies is displayed in (d). The dashed black lines mark Tc = 2.36K.
down is consistent with a continuous transition induced
by the freezing out of vortex-like phase fluctuations.
II. EXPERIMENTAL DETAILS
Experiments were performed in a broadband Corbino
microwave spectrometer. This technique has been used
previously to study high-Tc superconductor films, elec-
tron glasses, and heavy fermions.17–21 In this technique,
a microwave signal is reflected by a sample that termi-
nates the otherwise open-ended coaxial transmission line
and is detected by a network analyzer. The measured
complex reflection coefficient, Sm11, has the contribution
from both the transmission line and sample. The effects
of extraneous reflections, damping, and phase shifts in
the transmission line were compensated for by perform-
ing three reference measurements on standard samples as
described elsewhere.22,23 A blank high-resistivity Si sub-
strate was used as an open standard (S11 = 1). A 20-nm
NiCr film evaporated on Si substrate was used as a load
standard (its actual S11 can be evaluated from a simulta-
neous dc measurement). A 20-nm Nb film evaporated on
Si substrate was used as a short standard (S11 = −1 when
the Nb film is superconducting). The sample impedance,
ZS , can be calculated from the calibrated S
a
11 via the
standard expression ZS =
1+Sa11
1−Sa11Z0, where Z0 = 50
ohm is the characteristic cable impedance. The sub-
strate contribution is taken into account as described in
Ref. 24. For a thin film, where the sample thickness is
much smaller than the skin depth, the complex conduc-
tivity is related to sample impedance as σ = ln(r2/r1)2pidZS ,
where r2 and r1 are the outer and inner radii of a donut-
shaped sample and d is the thickness. A bias tee allows us
to measure the two-contact dc resistance simultaneously
with a lock-in amplifier. This measurement scheme was
successfully incorporated into a 3He cryostat. A partic-
ular experimental challenge was the heat sinking of the
coaxial cable inner conductor. This was accomplished
through the inclusion of two hermetically sealed glass-
bead adapters in the transmission line at the 4.2 K and
3He stages separated by a short 10-cm-long supercon-
ducting NbTi coaxial cable. This system can probe the
broadband microwave conductivity over the 0.05- to 15-
GHz range at temperatures as low as 300 mK.
For these measurements, high-purity (99.999 %) In2O3
was e-gun evaporated under high vacuum onto clean
high-resistivity silicon substrates to a thickness of ap-
proximately 30 nm. Our synthesis methods derive from
the work of Ref.25, where it was shown that amorphous
InOx can be reproducibly made by a combination of e-
beam evaporation of In2O3 with optional annealing. Es-
sentially similar films have been used in a large number of
recent studies of the 2D superconductor-insulator quan-
tum phase transition .14,26–30 We believe that the films
are morphologically homogeneous with no crystalline in-
clusions or large-scale morphological disorder because of
the following: TEM-diffraction patterns are diffuse rings
with no diffraction spots, AFM images are completely
featureless down to a scale of a few nanometers (the res-
olution of the AFM), and R versus T curves when inves-
tigating the 2D superconductor-insulator transition14,26
are smooth with no reentrant behavior that is the hall-
mark of gross inhomogeneity. The in-plane penetration
depth — the so called Pearl length (2λ23D/d)
31 — can
be calculated from the data below to be approximately 6
mm near Tc, which is well in excess of any sample dimen-
sion. Vortices are therefore expected to have logarithmic
interactions similar to the case of 4He films.
III. RESULTS
In this paper, we concentrate on a particular InOx film
with a Tc = 2.36 K, but the data is broadly represen-
tative of samples with this normal-state resistance. In
what follows, Tc is defined as the temperature at which
the simultaneously measured dc resistivity becomes in-
distinguishable from zero (shown in Fig. 2). A small ±
3FIG. 2: (Color online) Temperature dependence of phase stiff-
ness at ω/2pi = 0.21−15 GHz plotted against the vertical axis
on the left. A color scale representing different frequencies is
displayed as well. The black curve shows resistance per square
of the same sample plotted with the vertical axis on the right.
The dashed pink line is the KTB prediction, 4TKTB = Tθ, for
the universal jump in stiffness. The dark purple M markers
are T 0θ s obtained via the scaling analysis described in the text.
Tc is marked by the black dashed line.
5 mK uncertainty in this determination does not affect
our conclusions. In Figs. 1 (a) and 1 (b) we plot the real
(G1) and imaginary (G2) conductance as a function of
frequency at different temperatures. Well above the tran-
sition, G1 is flat and featureless and G2 is small, as one
expects for a highly disordered metal at low frequencies.
When the sample is cooled toward Tc, the real conduc-
tance initially becomes enhanced and its spectral weight
shifts to lower frequencies. At lower temperatures, the
imaginary conductance grows dramatically and its fre-
quency dependence becomes close to 1/ω. This is the
low-temperature behavior expected for a superconduc-
tor.
As seen clearly in plots of the same data as a function of
temperature [Fig. 1 (c) and (d)], the region immediately
above Tc is dominated by superconducting fluctuations.
As shown by comparison to the dashed line, the real and
imaginary conductances begin to show an enhancement
in the temperature region above Tc. Our measurements
are explicitly sensitive to temporal correlations. This is
seen for instance in the fact that the near-Tc “dissipation
peak” in Fig. 1 (c) is exhibited at lower frequencies for
lower temperatures; the maximum in dissipation is ex-
pected when the characteristic fluctuation rate Ω/2pi is
of the order of the probing frequency ω/2pi. The move-
ment of the peak in temperature is a signature of critical
slowing down in the raw data.
A particularly important quantity for quantifying fluc-
tuations is the phase stiffness, which is the energy scale
to twist the phase of the OP. The phase stiffness, Tθ,
is proportional to the superfluid density and can be de-
fined (in units of degrees Kelvin) through the imaginary
conductance G2 as
kBTθ(ω) =
G2
GQ
~ω =
N(ω)e2~d
mGQ
, (1)
where GQ =
4e2
h is the quantum of conductance for
Cooper pairs andN(ω) is a frequency-dependent effective
density. In Fig. 2, we plot the stiffness versus temper-
ature measured at frequencies between 0.21 to 15 GHz.
Tθ(ω) defined through Eq. (1) measures the stiffness on
a length scale set by the probing frequency, which is typ-
ically proportional to the vortex diffusion length during
a single radiation cycle,
√
λD
ω/2pi . At temperatures well
below Tc, there is essentially no frequency dependence
to the phase stiffness, consistent with the scenario that
the phase stiffness is rigid on all lengths. At tempera-
tures slightly above Tc, the phase stiffness is largest at
high frequencies. In the fluctuation regime, the system
retains a phase stiffness on short length scales. Plotted
alongside the stiffness data is the co-measured resistance
per square, R. Within experimental uncertainty, the
phase acquires a frequency dependence at the temper-
ature where the resistance appears to go to zero. In
keeping with our discussion in the introduction, this is
reasonable as a superconductor can only exhibit zero re-
sistance when its phase is ordered on all lengths.
KTB theory predicts that at the transition tempera-
ture, TKTB, the stiffness in the zero-frequency limit will
have a discontinuous jump to zero with a magnitude
Tθ = 4TKTB. However, because finite frequencies set
a length scale, the ac stiffness should go to zero con-
tinuously. We generally expect that a signature of the
discontinuity will manifest in a strong frequency depen-
dence in the stiffness that onsets at TKTB. In Fig. 2,
the dashed diagonal line gives the prediction3,5 for the
universal relationship between TKTB and the stiffness. It
crosses the stiffness curves very close to where they start
to spread. This, along with the fact that the resistivity
goes to zero at this temperature, leads us to assign the
transition to a vortex unbinding transition of KTB-like
character. Note that a careful inspection of Fig. 2 on
linear scale reveals that the stiffness is in fact approxi-
mately 30% greater at Tc than the universal prediction.
We cannot be sure at this time whether this is a system-
atic deviation (due perhaps to the dissipative motion of
bound vortex pairs or evidence of a nonuniversal jump7)
or a small calibration error.
Above TKTB, the conductance due to fluctuating su-
perconductivity is predicted3,19,32,33 to scale with the
form
G(ω)
GQ
= (
kBT
0
θ
~Ω
)S(ω/Ω). (2)
In this scaling function, all temperature dependencies en-
ter through Ω, the characteristic relaxation fluctuation
rate, and T 0θ , an overall amplitude factor related to the
4FIG. 3: (Color online) (a) Phase of S(ω/Ω) normalized by
pi/2 as a function of reduced frequency ω/Ω. (b) Magnitude
of S(ω/Ω) as a function of reduced frequency. A color scale
representing different temperatures for both plots is displayed
in (a). Each plot is comprised of data measured at tempera-
tures from 2.398 to 3 K and frequencies from 0.46 to 11 GHz.
total spectral weight in the fluctuating part of the con-
ductivity. Note that in Eq. (2) the prefactors T 0θ and Ω
are real quantities, so that the conductance phase angle,
ϕ, must be equal to the phase angle of S(ω/Ω). By scal-
ing ω differently for each temperature, we can collapse
the phase in a temperature range from 2.398 to 2.993 K
into a single universal curve.
In Fig. 3 (a), we show this phase angle, ϕ, collapsed
into a function of reduced frequency ω/Ω for each temper-
ature. The data collapse reasonably well down to 38 mK
above Tc. Below 38 mK, the fluctuation frequency begins
to enter the low-frequency end of the spectrometer. In
the low scaled-frequency limit, which corresponds to high
temperatures and normal-state response, the phase ap-
proaches zero as expected. In the high scaled-frequency
limit, which corresponds to low temperatures and the
superconducting state, the phase approaches pi/2 also as
expected. This analysis allows us to extract Ω(T ). Here,
we have isolated the fluctuation contribution to the con-
ductance by subtracting off the dc value from well above
Tc (at 5.6 K). Having determined Ω(T ), we adjust T
0
θ and
normalize the magnitude of conductance by
kBT
0
θ
~Ω to get
the magnitude (|S|) of S(ω/Ω) so that they fall onto one
curve as demonstrated in Fig. 3 (b). In 2D, T 0θ is equiv-
alent to the high-frequency limit of the stiffness. We plot
it alongside the finite-frequency stiffness in Fig. 2.
The monotonic decrease of Ω(T ) [Fig. 4 (a)] as Tc
is approached from above, is an indication for the crit-
ical slowing down expected near a continuous transi-
tion. In Figs. 4 (b) and 4 (c), we fit Ω(T ) to the
stretched exponential form expected near a KTB tran-
sition Ω0exp(−
√
4T ′/(T − Tc)) as well as to a generic
power-law form Ω0(1 − TTc )zν . The fits were performed
over different temperature ranges from Tc on up (147 and
112 mK, respectively) such that the same reduced χ2 is
achieved on both fits.
The stretched-exponential fit gives coefficients of
Ω0/2pi = 181 GHz and T
′ = 0.23 K, while the power-law
FIG. 4: (Color online) (a) Fluctuation frequency as a function
of temperature from 2.398 to 2.993 K. In (b) and (c), we plot
Ω(T )/2pi versus 1/
√
T − Tc and T − Tc, respectively, along
with the fitting (black curves). (d) Excitation energy in units
of degrees Kelvin as a function of T − Tc.
fit gives Ω0/2pi = 90 GHz and zν = 1.58, which are all
reasonable parameters. For instance, within the ansatz
of Ref. 3 it is predicted that T ′ = γ(Tc0 − TKTB), where
γ is a constant of the order of unity. Ref. 13 predicts
more specifically that γ = 4α2, where α is the ratio of
the vortex core energy, µ, to the vortex core energy in
the 2D XY model, µxy. Viewed in this regard, our value
of T ′ is consistent with a reasonably small value of the
core energy.
For both functional forms, one expects that the pref-
actor Ω0 will be of order of the inverse time needed to
diffuse a vortex with core size ξ0. Using the Bardeen-
Stephen3 approximation for D, one can derive the ex-
pression ~Ω0 = 2piλ~D/ξ20 = 2piλ
GQ
GN
kBTc, where λ is
a constant of the order of unity and GN is the normal-
state dc conductance. For the present sample, this gives
Ω0/2pi ≈ λ∗48 GHz, which is consistent with both fits.
Due to its larger fitting range and its consistency with
the universal jump, we favor the stretched exponential
form, but in practice, it is difficult to definitively exclude
power-law dependencies.
However, we can note a number of additional aspects
consistent with a vortex plasma regime. Over a more
extended temperature range above Tc, one expects that
Ω(T ) will obey the relation Ω0exp(−T∗T ). Here, T ∗ is
half the energy needed to thermally excite a free vortex-
antivortex pair. In Fig. 4 (d), we plot T ∗ = T ln(Ω0/Ω).
As expected this quantity appears to diverge as T → Tc.
5It reaches a high-temperature limiting value of about 0.27
K. One expects11 that kBT
∗ = µ + 12kBT
0
θ ln(ξ/ξ0) as
the logarithmic interaction has a cutoff at ξ. At temper-
atures well above Tc where ξ is of the order of ξ0, the
logarithmic term is negligible and the excitation energy
should be proportional to the core energy alone. Within
the BCS model, the core energy can be shown11 to be
approximately kBT
0
θ (T )/8. A comparison with T
0
θ from
Fig. 2 gives an estimate of µ/kB ≈ 0.3 K in this tempera-
ture range. The agreement with experiment is essentially
exact, but one should not take the exactness too seriously
as there are a number of neglected factors of the order of
unity.
IV. CONCLUSION
We have presented a comprehensive study of the com-
plex microwave conductance of amorphous superconduct-
ing InOx thin films. Our data explicitly demonstrate
critical slowing down close to the phase transition and, in
general, the applicability of a vortex-plasma model above
Tc. This technique opens up the possibility of studying
dynamic scaling of phase transitions at low temperatures
and frequencies of a number of material systems.
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